Heat kernel analysis for Bessel operators on 
symmetric cones 

Jan Mollers 
August 31, 2012 

Abstract 

We investigate the heat equation corresponding to the Bessel operators 
on a symmetric cone Q. = G/K. These operators form a one-parameter 
family of elliptic self-adjoint second order differential operators and occur 
in the Lie algebra action of certain unitary highest weight representations. 
The heat kernel is explicitly given in terms of a multivariable /-Bessel func- 
tion on 0. Its corresponding heat kernel transform defines a continuous 
linear operator between L p -spaces. The unitary image of the L 2 -space 
under the heat kernel transform is characterized as a weighted Bergmann 
space on the complexification Gc/Kc of f2, the weight being expressed 
explicitly in terms of a multivariable if-Bessel function on f2. Even in the 
special case of the symmetric cone Q. — R+ these results seem to be new. 
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Introduction 

Heat equations arc important parabolic partial differential equations and have 
been studied in various different settings. Classically one considers the heat 
equation corresponding to the Laplace-Beltrami operator A on a Ricmannian 
manifold X: 

A x u(t, x) = d t u(t, x), on (0,oo) x 1. (0.1) 

The properties of A crucial for the heat equation are: 

• A is an elliptic second-order differential operator on X, 

• It extends to a self-adjoint operator on L 2 (X) with spectrum contained 
in (—oo, 0]. 

The corresponding heat kernel transform e tA is well-defined by the functional 
calculus and gives a smoothing operator on L 2 (X) for t > constructing solu- 
tions to the heat equation (jO.lj) with given initial values. A classical problem 
in harmonic analysis is to determine the image of L 2 (X) under the heat kernel 
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transform. For X = M" Bargmann and Segal noticed that every function in the 
image of e tA has an analytic extension to the complexification Xc = C n . In 
fact, e tA is a unitary isomorphism from L 2 (M. n ) onto the weighted Bergmann 

space of holomorphic functions on C™ which are square-integrable with respect 

-Lit 2 

to the measure e 2 * I lmz l dz. 

These observations have a natural generalization to Riemannian symmetric 
spaces X. For the case of compact Riemannian symmetric spaces this was first 
established by Hall [8]. If X = U/K with U a compact Lie group and K a 
symmetric subgroup then the heat kernel transform e tA extends to a unitary 
operator between L 2 (U/K) and a weighted Bergmann space on the complexi- 
fication Xc = Uc/Kq. An alternative proof for the unitarity of the transform 
was given by Hilgert-Zhang 1101 using the so-called restriction principle which 
was introduced by Olafsson-0rsted [13] . For semisimple Riemannian symmetric 
spaces of non-compact type Krotz-Olafsson-Stanton characterized the uni- 
tary image of the heat kernel transform. Let X = G/K with G a non-compact 
semisimple Lie group and K a maximal compact subgroup. The main difference 
to the compact case is that functions in the image of the heat kernel transform 
do in general not extend to the whole complexification Xc = Gc/Kc, but only 
to a G-invariant subdomain in Xc, the complex crown (also referred to as the 
Akhiezer-Gindikin domain). Further, it is shown in [TT] that in general the 
unitary image of L 2 (X) under the heat kernel transform cannot be a weighted 
Bergmann space on the complex crown. 

Here we restrict our attention to symmetric cones fl = G/K, a certain class 
of non-compact Riemannian symmetric spaces with G is a connected reductive 
Lie group with one-dimensional center and K C G a maximal compact sub- 
group. Classical examples are f2 = R+, the Lorentz cone ft = {x £ K n : x± > 
\J x\ + ■ ■ ■ + x 2 > 0} or the cone of positive definite Hermitian n x n matrices 
over ]R, C or H. Explicit expressions for the classical heat kernel in these exam- 
ples are given in [U [T3]. In this paper, however, we consider not the Laplacian 
on 51, but a certain family of differential operators B\ which arise from unitary 
representation theory (see Section H.4I for the precise definition). In fact, for 
A > c(f2) (the constant c(ft) > depending only on the cone fi, see the 
so-called Bessel operators B\ occur in the Lie algebra action of certain unitary 
representations, namely L 2 -models for the analytic continuation of the holomor- 
phic discrete series corresponding to the automorphism group of the associated 
tube domain V + iVL. For this we realize f2 as an open convex cone in an ambient 
Euclidean vector space V with inner product (— |— ). As in the classical setting 
the operators B\ satisfy the following properties: 

• Each B\ is an elliptic second-order differential operator on fi, 

• For A > c(Q) the operator B\ extends to a self-adjoint operator on 
i 2 (0, d[i\) with spectrum given by (— oo,0]. 

Here dfi\ is a certain G-equivariant measure on fi (see Section rO|) . We remark 
that in contrast to the G-invariant Laplacian on 57 the operators B\ are merely 
if-invariant. Let H\(t) := e tBx be the corresponding heat kernel transform on 
L 2 (fl, d[j,\). The operators H\(t) are smoothing, if-equivariant and satisfy the 
semigroup property H\(s) o H\(t) = H\(s + t). 
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To describe the heat kernel we make use of the 7-Bessel function on the 
symmetric cone f2 introduced in |12j . It can be constructed using the canonical 
structure of a Jordan algebra on V (see Section 11751 for details). The 7-Bessel 
function of parameter A > c(f2) on O is an analytic function I\(x, y) on f2 x f2 
solving the differential equation 

(Bx) x lx(x,y) = tr(y)Xx(x,y), x,y G fl, 

where tr(y) = (y\e) > 0, y G f2, denotes the trace form, egll being the fixed 
point of K . (In fact e is the unit element of the Jordan algebra V and tr(y) the 
Jordan trace.) Put 

h x (t, x, y) := (2t)- rX e-T^W+^y»l x (|, |) , i > 0, x, y G 0, 

where /' = rk£7 is the rank of the symmetric space G/K. 

Theorem A (see Theorems 1 2 . 71 fc 1275)1 . For A > c(Q) the heat kernel transform 
H\(t) on L 2 (0, dfi\) is the integral operator given by 

H x (t)f(x) = ( h x (t, x, y)f{y) d/i A (y), x G 0. 

For any 1 < p < oo rj/ie integral converges absolutely for f G L P (D,, dfi\) and 
defines a continuous linear operator on L p (tt, dfi\). 

This explicit description of the heat kernel allows to describe the image of 
L 2 (n, d/j,\) under the heat kernel transform as a weighted Bergmann space on 
the natural complcxification 3 := Gc/Kc of Q. The symmetric space S can be 
realized as an open dense cone in the complcxification Vc of V which contains 
£1 C V as a totally real submanifold. Since S is dense in Vc every entire function 
on Vc is uniquely determined by its values on S and we let 0(B) be the space 
of holomorphic functions on 3 which extend to Vc- From the measures d/j,\ 
on f2 one constructs certain Gc-cquivariant measures dz^\ on 5 (see (jT7_2j) ) . 
To describe the weight for the Bergmann space we make use of the FT-Bessel 
function lC\(x) of parameter A on the symmetric cone Q. This function was first 
introduced by Clerc [J] and studied further in [TJ]. We construct a density u>\(z) 
on 3 in terms of the if-Bessel function which solves the differential equation 



B x u\{z) = -tv(z)u)\(z), z£", 

where tr(z) denotes the C- linear extension of the trace to Vc- We then define a 
weighted Bergmann space J-A,t(3) on 3 by 

F A , t (5) := |FGO(5) : jjF{z)\ 2 e^^L0 X (^) du x {z) < oo 

and endow it with the obvious L 2 -inner product (suitably normalized, see (|2.5p 
for details). Then for A > c(f2) the space .Fx,t(3) turns into a Hilbert space of 
holomorphic functions with continuous point evaluations. Its reproducing kernel 
is the analytic continuation of the heat kernel h\(2t 7 z, w) of parameter 2t with 
z,w G 5, holomorphic in z and antiholomorphic in w (sec Theorem 12. lip . 
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Theorem B (see Proposition 12. 101 and Theorem 12. lip . Let A > c(O), then for 
every f € L 2 (Q, d/j,\) the function H\(t)f on Q, extends uniquely to a holomor- 
phic function H\(t)f € F\ t t{EL). The operator H\(t) : L 2 (Q, dfi\) —> .Fx,t(S) is 
a unitary isomorphism. 

Our proof uses the intertwining operator between two different realizations 
of certain unitary highest weight representations (see [S] [X2] ) ■ However, there 
is an alternative proof for the unitarity of the heat kernel transform H\(t) us- 
ing the restriction principle. For this one considers the unbounded operator 
H\ : t ■ D^xjlp)) —> L 2 (tt, dfi\) given by restriction from S to SI. The heat 
kernel transform H\ t can then be identified with the unitary part U\j in the 
polar decomposition 1Z* X t — U\, t ° \7t\,t \ of the adjoint operator (see Section l2~5l 
for details). 

We briefly illustrate our results for the cone ft = R+ with equivariant mea- 
sures dfj,\(x) = x A_1 dx, A > c(f2) = (see Section [3] for details). In this case 
the Bessel operator B\ is given by 

d ' ^ d 

B\ = x-— + A—, 

ax z dx 

and the heat kernel h\(t,x,y) and the density w\(z) take the form 



h x (t,x,y) = (2i)- A e-^/ A _ 1 (2^f) , t > 0,x,y e M+, 

where I a {z) = (f ) ° I a (z) and K a {z) = (|) a K a {z) denote the renormalized 
classical I- and if-Bessel functions. Moreover, the corresponding measures on 
the complexification 3 = C x are given by dv\(z) = 2\z\ 2X ~~ 1 dz. Specializing 
the parameter to A — \ and using the squaring map 7r:R\{0}— > Ci, y >— > y 2 
we recover the classical heat equation on R and our results translate to the 
corresponding results in the classical case for even functions on R resp. C. For 
other parameters A 7^ i, however, our results seem to be new. 

Finally we remark that all our results carry over to the boundary orbits of O. 
For each such G-orbit O C dfl there is a unique value < A < c(fi) such that 
B\ restricts to a differential operator on O which is sclf-adjoint on L 2 (0, d/i) 
for the unique (up to scalar multiples) G-equivariant measure dfi on O. For 
this particular A analogous results as described above hold, involving the Bessel 
functions T\ (x, y) and JC\ (x) on O of parameter A and the Gc-orbit Gc • O C dE 
as complexification of O (see [H]). 

Acknowledgements. We thank B. 0rsted and G. Olafsson for helpful dis- 
cussions on the topic of this paper and their encouragement to publish these 
results. 

Notation. N = {1, 2, 3, . . .}, N = N U {0}, R+ = {x g R : x > 0}. 
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1 Symmetric cones 



In this first section we collect all necessary information on symmetric cones and 
their natural complcxifications. We further define Bcsscl operators and Bcsscl 
functions on symmetric cones and their complexifications. In preparation for 
the proofs of our main results we introduce the Segal-Bargmann transform and 
the unitary inversion operator which are motivated by representation theory. 
For details we refer the reader to [5] and [TJ] . 

1.1 Symmetric cones and Jordan algebras 

Let V be a Euclidean vectorspace of dimension n with inner product (— | — ). An 
open cone f2 C V is called symmetric if the following two conditions hold: 

(1) n is self-dual, i.e. fl = fl* := {x G V : (x\y) > OVy G 0\ {0}}, 

(2) f2 is homogeneous, i.e. the automorphism group G(Q) := {g G GL(V) : 
gSl = 0} of ft acts transitively on Vt. 

Let C V be a symmetric cone and let G := G(f2)o be the identity compo- 
nent of its automorphism group. Then G already acts transitively on f2. Put 
K := G n 0(V). Then there exists a point e <E Q such that K = G e = {g € G : 
ge = e} and hence £1 = G / K is a Ricmannian symmetric space. Note that G/K 
is not scmisimple since G contains R + acting by dilations, but 51 = R + x X, 
where X is a scmisimple Ricmannian symmetric space. We decompose the Lie 
algebra g of G into 

9 = t®P, 

where 

t = {X e : X + X* =0}, p = {X Eq:X = X*}, 

X* denoting the adjoint of X € End(V) with respect to the inner product (— | — ) 
on V . The mapping 

p -> V, X H- Xe 

is a bijection and we denote by L : V — > p its inverse which is symmetric with 
respect to the inner product (— | — ). If we endow V with the product 

V x V — > V, (x, y) i-> x ■ y := L(x)y, 

then V becomes a Euclidean Jordan algebra with unit element e. The symmetric 
cone fl is the interior of the cone {a; 2 : x G V} of squares in V and every x G is 
the square of a unique element a;5 g 0. The group G is the identity component 
of the structure group Str(V) of V which is defined by 

Str(V) = {g G GL(V) : P{gx) = gP{x)g*\Jx G V}, 

where 

P{x) := 2L{xf - L(x 2 ), x G V, 
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denotes the quadratic representation of V. Further, the compact group K is the 
identity component of the automorphism group Aut(V) of V given by 

Aut(V) = {g G GL(V) : g{x ■ y) = gx ■ gyVx, y € V}. 

We normalize the inner product (— |— ) on V such that (e|e) is equal to the 
rank r = rk.(G/K) of the symmetric space G/K. The linear form tr(x) := (x|e) 
on V is called the Jordan trace of V. It is invariant under K and strictly positive 
on fi. On the cone Q it is equivalent to the norm function \x\ := y (x|x): 

\x\ < tr(x) < y/r\x\, x G 0. 

We further introduce the Jordan determinant A(x) which is the unique homo- 
geneous polynomial on 1/ of degree r with real coefficients such that 

A(x) 3 ? = Det(P(x)), xGV. 

Then the character x(p) := Det(g)« G R+, <? G G, satisfies 

A(<?x) = x(ff)A(s), jeG.iel/. 

For A G M let 

Xa(<?) :=x(.9) A , ffSG. 

Then every positive character of G is equal to one of the xa, A G R. 

Example 1.1. (1) For k G N and F € {R,C,H} the space V = Herm(fc,F) 
of Hcrmitian k x k matrices with entries in F forms a Jordan algebra with 
multiplication 

x-y := ^(xy + yx), x,yeV, 

and unit element e = 1 the identity matrix. We have G = R+PSL(/e,F) 
and K = PSU(fc,F) acting by 

g-x = gxg*, g G G. 

The corresponding symmetric cone f2 is the set of all positive definite 
matrices in V. The same construction works for F = O with k < 3. In all 
cases the Jordan trace and the Jordan determinant equal the usual trace 
and determinant of matrices. 

(2) For k G N let V = M 1 ' k = R x R k denote the Jordan algebra with 
multiplication 

(xi,x') ■ (yi,y') := {x x y\ + (x', y'), x x y' + yix'), 

(x 1 ,x'),(y 1 ,y') Elxl', 

and unit element e = (1, 0, . . . , 0), where (— , — ) is the usual inner product 
on R k . The corresponding groups are given by G = R+SOo(l,fc) and 
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K = diag(l, SO(fc)) = SO(fc). The associated symmetric cone is the 
Lorentz cone 

Sl = {i£ R 1,fc : Xl > yjx% + ---+ 4 +1 > 0}. 

Jordan trace and Jordan determinant are given by 

tr(x) = 2a;i, A(x) =x\-{xl + --- + x 2 k+1 ). 

These examples actually cover all simple Euclidean Jordan algebras or equiv- 
alently all irreducible symmetric cones. A list together with the corresponding 
groups and structure constants is given in Table [1] 



V 





e 


n 


r 


d 


R 


R 





1 


1 





Sym(fc,R) (k > 2) 


sl(k,R) ©R 
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Hcrm(3, O) 


e 6 (- 26 ) ®K 
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27 
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Table 1: Simple Euclidean Jordan algebras, corresponding Lie algebras and 
structure constants 



1.2 Equi variant measures 

Let V be a simple real Jordan algebra V with corresponding symmetric cone 
f2 C V . For every A € R there is a unique (up to scalar multiples) x a -equi variant 
measure dfj,\ on Q,. Let d £ No be determined by the identity 

n , , d 

Then the measure d/i\ is locally finite on f2 C V if and only if A > c(f2), where 
c(fi):=£-l = (r-l)|. (1.1) 



We will assume this in the following. For A > c(£l) we normalize dfj,\ by 
fnW In ' 

where 

ro(A) = (2^nr(A-(j-i)^ 

denotes the Gamma function of the symmetric cone fi. This normalization is 
chosen such that the function tpo(x) = e~ tT ( x ' has norm 1 in L 2 (fl, d/j,\). 

Denote by V{£1) the space of restrictions of polynomials on V to fl. Then 
for every A > c(O) the space V(Q)e~ tr w is dense in L 2 (f2, dfj>\) (see [5] Lemma 
XIII.3.31). 
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1.3 Complexifications 



The complcxification Vc of V is a complex Jordan algebra. We extend the 
Jordan trace tr(— ) to a C-linear functional on Vc- We further extend the trace 
form (— |— ) to a C-bilincar form on Vc- 

The identity component of the structure group Str(Vc) of Vc is in a natural 
way a complexification of the group G and will be denoted by Gc ■ The orbit 

3 := G c ■ e C V c 

is an open dense subset of Vc and can be identified with the symmetric space 
Gc/Kc, where Kc denotes the analytic subgroup of Gc with Lie algebra tc- 
We have f2 C S as a totally real submanifold. We also denote by U the analytic 
subgroup of Gc with Lie algebra i + ip. Then U C Gc is the maximal compact 
subgroup of Gc corresponding to the Cartan involution g i— > g~* = (<?*) , 
where g* = ~g^ and g# denotes the transpose with respect to the C-bilinear 
trace form (— |— ). 

Every element z € S can be written as z = ux with u 6 U and x G 0. The 
formula 

/ f(z) du x {z) := / [ f(uxi)dud» x (x) (1.2) 

defines a one-parameter family of equivariant measures d^A on S, A > c(0). 
This constructs all locally finite Gc-equivariant measures on 2. 



1.4 Bessel operators on Jordan algebras 

Let denote the gradient with respect to the inner product (— |— ) of V. If 
(e a ) a is an orthonormal basis of V and x € V is written as x — ^ Q x a e a then 

dx dx a a 

For AeCwc define a vector- valued second order differential operator B\ on V 

by 

\ox J ox 

B\ is called the Bessel operator of parameter A. In coordinates it be written as 

where we used the polarized quadratic representation 

^fo 2/) = \( p (x + V)~ P(x) - P(y)), x,yeV. 

Of particular importance in this article is the component of B\ of the unit 
element e: 

B x := (e\B\). 
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Writing z £ Vc as z = J2 a z a e a with z a = x a + iy a we extend B\ to a 
vector-valued holomorphic differential operator on Vc by 

d 2 f df 
B\f = V - — — P(e a , e p )z + A V ^— e Q , 

where we use the Wirtinger derivatives 

d _ 1 / 9 _ 9 \ 
<9z a 2 V9x Q %*/ ' 

This also extends the scalar-valued holomorphic differential operator B\ = 
(e\Bx). 

Denote by £ the left-regular representation of G or Gc on functions on f2 or 
S, i.e. 

£(g)f(x)^f(g' 1 x), seGorGcsenorB. (1.3) 

Then the Besscl operator £>a satisfies the following equivariancc property: 

£( g )6 A %- 1 )=.g#6 A , geGoYGc- (1.4) 

1.5 Bessel functions on Jordan algebras 

We briefly recall the construction of Bessel functions on Jordan algebras. For 
details we refer the reader to [T2] Section 3]. 

Spherical polynomials 

Fix a Jordan frame ci, . . . , cv in V. Denote by Vk the eigenspace of L(c\+- ■ -+Cfc) 
to the eigenvalue 1. Then Vk is a Euclidean Jordan subalgcbra of V and the 
orthogonal projection onto Vk is given by P(c\ + ■ ■ • + Cfc). Denote by Ayj. the 
Jordan determinant of Vk and define the principal minors 

A fc (x) := Ay fc (P(ci + • • • + c k )x), xeV 

For m £ Nq we say m > if mi > . . . > m r > and in this case we define the 
generalized power function A m on V by 

A m (a?) := Ai(a;) mi - ma ---A r _i(a;) m '- 1 - m '-A r (a;) m ', x £ V. 

Then A m is a polynomial on V of order |m| = mi + • • • +m r . Let d m denote the 
dimension of the vectorspace spanned by the polynomials x H> A m (gx), g £ G. 
The correponding spherical polynomials are defined by 

$m(x) ■= / A m (fcr)dfc, x £ V. 

By [5J Corollary XI. 3. 4] there exists a unique polynomial & m (z,w) on Vc X Vc, 
holomorphic in z and antiholomorphic in w, such that 

®m(gz, to) = $ m (z, 9*10), z,w £ V c ,g £ G c , 

<S> m (x,x) = $ m (a; 2 ), x£K 
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I- and J-Bessel function 

We define the I- and J-Bessel function of parameter A > c(Q) by 
T\(z,w) := V 7^T-fv— <Z>m(z,w), 



m>0 



J x (z,w) := J2 (- 1 )' m| 7^% *m(z,w), 

m>0 { r )m{A) m 

where 

(a) m :=f[(A-(j-l)f 

denotes the generalized Pochhammer symbol, expressed in terms of the classical 
Pochhammer symbols (a) m = a(a + 1) • • • (a + m — 1). For A > c(f2) we have 
(A) m 7^ and hence all summands are non-singular. Convergence of the series 
for z, w € Vc is proved in JT2J Lemma 3.1]. The functions I\{z, w) and J\ (z, w) 
are holomorphic in z and antiholomorphic in w. 

Example 1.2. For V = R the one-dimensional Jordan algebra we have for 

z,w e C = V c 

X\(z,w) = 7 A _i(2VzW), J\(z,w) = J\^ 1 (2y/zW), 

where I Q (z) = (|) _a / Q (z) and J a (^) = (|) _Q J Q (2:) denote the renormalized 
I- and J-Bessel functions on C. Note that I a (z) and J a (z) are even entire 
functions and hence I a (2s/z) and J a (2y/z) are entire functions on C. 

The following properties of the I- and J-Bessel functions can be found in 
PI Section 3]: 

Proposition 1.3. The I- and J-Bessel functions have the following properties: 

(1) They are Gc-invariant and antisymmetric in the sense that for z,»eVc 
and g € Gc we have 

l\(gz,w) = l\(z,g*w), J x (gz,w) = Jx(z,g*w), 



l\(z,w) = T\(w,z), J\(z,w) = J\(w,z). 

(2) For both u(z, w) = I\(z, w) and u(z, w) = J\(z, w) there exists a constant 
C > such that following estimate holds: 



\u(z,w)\ < C(l + |*| ■ H) ia T^ 1 e 2, Vl*l-M, ZjW G y c . 

(3) They solve the following differential equations 

(B\) z l\(z,w) = wl\(z,w), (B\) z J\{z,w) = -wJx{z,w). 
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Remark 1.4. Note that both I\(z,w) and J{z : w) are because of Propo- 
sition [O] (1) uniquely determined by the functions I\{x) := T\(x,e) and 
J\(x) := J\(x,e). The J-Bessel function J\(x) has been studied before [5J[5]- 
Since both T\(x) and J^\(x) are A-invariant and f2 = K^2 i=1 M+c; these func- 
tions are uniquely determined by their values on J^ =1 R + Ci. Now K contains 
all permutations of {c\, . . . , c r } and hence one can viewX\(a;) and ^J\{x) as sym- 
metric functions of r variables a\, . . . , a r £ R+ by {a\, . . . , a r ) > X^I=i a ' c « ^- 
Therefore we can consider the 7- and J-Bcssel function on f2 as a multivariablc 
generalization of the classical one- variable I- and J-Bessel function. 

A-Bessel function 

We define the K-Bessel function of parameter A > c(J7) by the convergent 
integral 

fC x (x) := / e- tr ( u_1 )-^l")A(u) A -^ du, a; e ft. 

The function JC\{x) is strictly positive on Q and satisfies the differential equation 

B\K,\(x) = elC\(x), ie!l. 

Example 1.5. For V = M. the function /C,\(a;) is given by the renormalizcd 
classical A-Bessel function K a (z) := (f) Q if Q (z) (see [7] formula 3.471 (9)]): 

K\(x) = 2A A _i(2Vz), x>0. 

Since /Ca(^) is a lso A-invariant one can by Remark 11.41 interpret it as a 
multivariablc generalization of the classical one-variable A'-Bcsscl function. 
Using the decomposition E = Ufl we define a [/-invariant function w>, on S 




Correspondingly the function w\(z) satisfies the differential equation 
B x uj\{z) = -u\(z), z e 5. 

1.6 Segal— Bargmann transform and unitary inversion op- 
erator 

The group Aut(Th) of holomorphic automorphisms of the tube domain Xh := 
V+ifl C Vc is a Hcrmitian Lie group. Its scalar type holomorphic discrete series 
can be analytically continued to a family of highest weight representations of 

its universal covering group Aut(Tfj). These are parameterized by the so-called 
Wallach set whose continuous part belongs to highest weight representations 
realized on L 2 (f2, d/j,\) for A > c(f2). The longest Weyl group element essentially 
acts in this realization as the unitary inversion operator IA\ on L 2 (fl, dfj,\) which 
is the unitary involutive isomorphism given by (see [121 Theorem 6.3]) 

U x f{x) = 2~ rX [ Mx,y)f(y)dfi(y). (1.5) 
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In [21 [T2] there was established another realization of the same representa- 
tions on a weighted Bergmann space on 5. Since 3 is open dense in Vc every 
holomorphic function on Vc is already uniquely determined by its values on 3. 
We let 0(3) be the space of restrictions of holomorphic functions on Vc to 3. 
For F,G e 0(3) put 

(F,G) X := 23rX ^ n{Il) J^F(z)G^)oj x (z)dv x (z) 

whenever the integral converges. Let .Fa (3) be the space of F G 0(3) such that 
(F,F) X < oo and endow it with the inner product (— , —}\. 

Theorem 1.6 ([T^l Theorems 4.15, 5.4 & 5.7]). Fx(S) is a reproducing kernel 
Hilbert space with the following properties: 

(a) The reproducing kernel o/Fa(3) is given by K. x (z,w) =I X (§, t|), 

(b) The space V(Vc) of holomorphic polynomials on Vc is dense in Fa(S). 

(c) The Segal-Bargmann transform M x : L (CI, d^L X ) — > Fa (5) given by 

E x f(z) :=e-3 tr ( z ) f l x (z,x)e- t ^f(x)d f i X (x). 

is a unitary isomorphism. 

There exists a unitary representation of Aut(To) on the Hilbert space Fa (3) 
which is isomorphic to the unitary highest weight representation on L 2 (Cl, d/j x ). 
In fact, the two models L 2 (fl, dfi X ) and Fx (5) are related by the Segal-Bargmann 
transform in the sense that it intertwines the group actions. We only use the 
intertwining property for the longest Wcyl group element which acts on Fa (5) 
essentially as 

(-l)*F(z):=F(-z), F e Fa (3). 

This corresponds to the following intertwining relation (see |12[ Proposition 
6.6]): 

M x oU x = (-l)*oB A . (1.6) 

Using this intertwining relation we derive two integral formulas for the 7-Besscl 
function: 

Lemma 1.7. (1) For z £ Vc we have 

2- rX f e- t ^l x (z,Od»x(0=e tl(z) - 
Jn 

(2) For x € CI and z € Vc the we have the reproducing identity 

2~ rX [ e - tr( « ) FA(z,e)lA(-x,Od^A(0 = e tl 'W- tr ^lA(-^x). 

Proof. (1) Since l x (0,z) = 1 this immediately follows from (2) by putting 
x = 0. 
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(2) For any <p G C£°(n) and z G Vfc we have 

Jn 

Jn Jn 

= 2 -rA e -it r(z ) f f e -^)x x (z,x)X x (-x,y)dfi x (x) V (y)dfi x (y). 
Jn Jn 

On the other hand, using the intertwining relation (|1.6[) we obtain 

BxUo^z) =M X (p(-z) 

= e* te « [ l x (-z,y)e- t ^i P (y)d^ x (y). 
Jn 

Therefore, the integral kernels have to coincide, which gives 

2- rX e-^^ [ e-^l^x^i-x^d^x) = ei tl ^l x (-z,y)e- tr ^. 
Jn 

This is the claimed formula. □ 

2 The heat kernel transform 

In this section we investigate the heat equation on H corresponding to the second 
order differential operator B Xl find the heat kernel and characterize the image 
of the heat kernel transform. We also recover the heat kernel transform via the 
restriction principle. 

2.1 An elliptic differential operator 

Consider the second order differential operator B x on il defined in Section \TM 
Proposition 2.1. (1) B x is a K -invariant elliptic second order operator on 

n. 

(2) For X > c(Q) the operator B x extends to a self-adjoint operator on L 2 (f2, d^)- 

Proof. (1) A'-invariance of B x is clear by (|1.4[) since K fixes the identity el- 
ement e of V . To show ellipticity we identify for x G f2 the cotangent 
space T*n with V. Then the principal symbol of B x at x G f2 in direction 
£ G T*Q is given by 

(P(Ox\e) = (x\P(Oe) = (x\e) = (L(x)t\0- 

By [SJ Proposition III. 2. 2] the operator L(x) is positive definite since igS! 
and hence the claim follows. 

(2) By [TJ Theorem 3.4] the operator iB x appears in the Lie algebra action 
of a unitary representation on the Hilbert space L 2 (Q,, d[j, x ). Therefore, 
iB x extends to a skew-adjoint operator on L 2 (Q, d/j x ) which shows the 
claim. □ 
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The spectral decomposition of the operator B\ can also be written down 
explicitly in terms of the J-Bessel functions J~ X (x,y) defined in Section [1.51 
Recall from Proposition 11.31 that J\{—,y) is an eigenfunction of B\ to the 
eigenvalue — tv{y). 

Proposition 2.2. (1) The spectrum of B\ on L 2 (fl, d^,\) is purely continu- 
ous and given by (— oo, 0]. 

(2) The spectral decomposition of B\ is given by 

f(x) = 2~ rX [ J X (x,y)U x f(y)dfi X (y), 

where U\ is the unitary isomorphism on L 2 (fl, d[i\) defined in (|1.5|) . In 
particular IA\ intertwines the differential operator B\ with the multiplica- 
tion operator — tr(x). 

Proof. Clearly (1) follows from (2). The statements of (2) can be found in [TJJ 
Section 6]. □ 

Remark 2.3. The Laplace operator A of the Riemannian symmetric space 
fi = G/K is related to the operator B\ in the following way 

Bx = (e\B\), 

where E = (x\-§^) is the Euler operator. Therefore, both A and B\ are poly- 
nomial second-order differential operators on f2 with the important difference 
that B\ is of Euler degree —1 whereas A is of Euler degree 0. 



2.2 The heat kernel 

We consider the following initial value problem for the heat equation on (0, oo) x 
U, corresponding to the operator By. 

{{B x ) x -dt)u{t,x) = Q on(0,oo)xfi, (2.1) 

u{0,x) = f(x) onO (2.2) 

for some function / on tt. This initial value problem can be solved using the 
heat kernel. For this recall the J-Bessel function T\(x, y) defined in Section [TT5l 
We define the heat kernel by 

h x (t, x, y) = (2i)-^ e -|(M*)+tr( y )) lA |) j t > 0,x,y £ CI. 

Note that h x (t, x, y) > for t > and x, y £ fi. 

Proposition 2.4. (1) For each X > c(f2) there exists a constant C > such 
that 

r(2n-l) 

h X (t, X, y) < Ct- rX (l + * e -|(tr(x) + t r(j/ )-2r^T^) 

for all t > 0, x, y G f2. 
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(2) The heat kernel satisfies the following invariance property for t > 0, x,y G 
f2 and k G K : 

h\(t, kx, y) = h\(t, x, k' 1 y). 

(3) The heat kernel is symmetric in x and y: 

h\(t, x, y) = h x (t,y,x). 

(4) For t > and x, y G Q we have 

h x (t,x,y) = 2- 2rX [ e- t - t *®X x (-x,Z)I x (-y,Od f i x (0. (2.3) 



Proof. (1) This follows immediately from Proposition II. 31 (2). 

(2) Since for k G K we have k* = fc" 1 this is Proposition 11.31 (3). 

(3) Since the 7-Bessel function is symmetric by Proposition 11.31 (1) this is 
clear. 

(4) This is immediate with Lemma ll.71 □ 

Proposition 2.5. The heat kernel h x (t,x,y) has the following properties for 
s, t > and x, y G fi 

(1) (Normalization) 
h x (t,x,y)dfj, x (y) = 1, 

(2) ( Semigroup ) 
h x (s, x, z)h x (t,y, z) d[i x (z) = h x (s + t,x,y), 



(3) (Differential equation) For every y G f2 the function h x {t,x,y) solves the 
heat equation (|2.1j) on (0, oo) x fi. 

Proof. (1) We have 

h x (t, x, y) d MA (y) = (2t)- rX e-i tr ^ | J A (|, |) e"* tr ^ d^fo) 

and substituting z = | we obtain 



by Lemma [T771 (1). 



a(|,z) e" tr ^ d MA (z) 
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(2) We substitute (|2.3[) for the first factor in the integrand. This yields 
h x (s, x, z)h\(t, y, z) dfi\(z) 
(8t)^ [ f e-MOx^-^^^^e-iCMvJ+trW^d,!) d/ i A (£) d^ A (z) 



and substituting z = i?y gives 

_ o-rA 



Now Lemma Tl. 71 (2) gives 

JO 

= h x (s + t,x,y) 
by (|2.3j) again. 

(3) This follows from (|2.3[) by differentiating under the integral and using 
Proposition 0(3). □ 

We also need some observations on the holomorphic extension of the heat 
kernel. 

Proposition 2.6. The heat kernel h\{t,x,y) admits a unique extension to a 
function h\(t,z,w) on R + x Vc X Vc which is holomorphic in z and antiholo- 
morphic in w. It further has the following properties for t > and z, w G Vc : 

(1) For each A > c(f2) there exists a constant C > such that 

r-(2n-l) 

h X (t, Z, W) < Cr rX + ^j^J 4 e -|(Retr(,)+Retr( W )-2r^TH) 

/or aZZ t > 0, x, y G f2, 



(2) h\{t,z,w) = h x (t,w,z), 

(3) ft. A (t, fc^j w) = ^ A (*, z, fe w), k G A'. 
Proof. Define 

MM,™) = (2t)- rA e-*< tr «+trC50)j A , t > 0,z,w G F c , 

then everything follows from the results in Section 11.51 □ 



2.3 The heat semigroup 

For f>Owe define the heat kernel transform H\(t) on / G C£°(f2) by 

H x (t)f(x):= ( h x (t,x,y)f(y)dnx(y), x G O. (2.4) 
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Theorem 2.7. For t > and 1 < p < oo i/ie integral in (|2.4p converges 
absolutely for every f £ L p (tt, dfi\) and defines a continuous linear operator on 
L p (£l, d/j.\) of operator norm < 1 with the following properties: 

(1) H x (t) is smoothing, i.e. H x {t)f £ C°°(ft) for f £ L p (0, d^ A ), 

(2) H x (s)oH x (t) = H x (s + t), s,t>0, 

(3) H x (t) is K-equivariant, i.e. H x {t) o = £(k) o H x (t) with £(k) as in 

(ED, 

(4) H x (t) is symmetric on _L 2 (fi, d/j, x ). 

Proof. First note that for fixed t > and x £ the function h x (t,x,y) is by 
Proposition 12.41 (1) contained in L q (VL, dpL X ) for any 1 < q < oo with L 9 -norm 
depending continuously on x. Hence the integral in (|2.4[) converges absolutely 
for every / <E L p (tt, d/i x ) and defines a smooth function H x (t)f on f2. Assume 
that 1 < p < oo. To show that H x (t)f £ L P (Q, d/i x ) first observe that by 
Holder's inequality with 1 < q < oo the dual exponent to p, i.e. - + ^ = 1, we 
find 



IMM,?/)/^)! d/iA(y) 
h x (t,x,y)« ■ h x (t,x,y)e\f(y)\d/j, x (y) 

[ f h x (t,x,y)dn x (y)Y ( [ h x {t,x,y)\f{y)\ p d^ x {y) 



h x (t,x,y)\f(y)\ p dfi x (y) 
where we have used Proposition 12.51 (1). Then we find, using Fubini's theorem 



\Hx(t)f\\l H n,^ 



h\(t,x,y)f(y) dii x {y) 



d/J, x (x) 



< / / h x (t,x,y)\f(y)\ p d^ x (y)dfi x (x) 
Jn Jn 

\m?d» x ( y ) = \\f\\i P(aM , 

where we have again used Proposition 12.51 (1). This shows that H x (t) extends 
to a continuous linear operator on L p (f2, dfi x ) of norm < 1 for 1 < p < oo. For 
p = 1 and p = oo the proof is similar. We now prove the other properties: 

(1) This was already established above. 

(2) This is clear in view of Proposition ^. 51 (2). 

(3) This follows from Proposition ^. 41 (2) and the if-invariance of the measure 
d^A- 

(4) This is immediate with Proposition [23] (3). □ 
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Proposition 2.8. Let f e L 2 (Q, d/i x ) be of the form f(x) = p(x)e tT ( x > for 
some polynomial p € V(Cl). Define a function it(x,i) on f2 x [0, oo) by 



u(x, t) :- 



H x (t)f(x) fort>0, 
f(x) for t = 0. 



Then u € C°°(£l x (0, oo)) n C(fi x [0, oo)) and it solves the heat equation (|2.1 
with initial value 



Proof. Recall from Proposition ^. 2l the unitary involutive operator U x on L 2 (fl, dfi X 
From [T2] Proposition 6.2 & Theorem 6.3] it follows that U\f is again of the 
form q(x)e~ tr ( x ^ for a polynomial q € V(n). Using Proposition 12.41 (4) we find 



u(x,t)= / h x (t,x,y)f(y)dfi x (y) 
Jn 

= 2~ 2rX / / e~ tt ^J x (x,z)J x (y,z)f(y)d^ x (z)d^ x (y) 



m Jn 

= 2- rX [ e~ lt ^ J x {x,z)U x f{z)d^ x {z). 

Since U x f{x) = q(x)e~ tr ^ it follows from the estimate in Proposition 12.41 (1) 
that this expression defines a function in C°°(f2 x (0,oo)) n C(51 x [0,oo)). For 
t = it gives U\f(x) = f{x) since U x is involutive. Differentiating under the 
integral with Proposition 11.31 f3) finally shows the differential equation. □ 

Theorem 2.9. For t > we have e tBx = H x (t). 

Proof. By Proposition ^ . 2l the spectral decomposition of B x is for / <G V(Q)e~ tT ^ x ' 
given by the convergent integral 

B x f(x) = 2- 2rX [ [ (B x ) x J x (x,y)J x (y,z)f(z)dn x (z)dfx x (y) 
Jn Jn 

= -2- 2rX [ [ ti(y)J x (x,y)J x (y,z)f(z)d[i x (z)dfi x (y). 
Jn Jn 

Hence e tBx is the integral operator 

e tBx f(x) = 2- 2rX [ [ e- tt ^J x (x,y)J x (y,z)f(z)d[i x (z)d t ix(y) 
Jn Jn 

h x (t,x,z)f(z)d l i x (z)=H x (t)f(x), 

where we have used Proposition l2.4l (4V Since r(n)e- tr( - x] isdcnscinL 2 (r2, dfi x ) 
the claim follows. □ 



2.4 The image of the heat kernel transform 

To characterize the image of the heat kernel transform H x (t) we first prove that 
every function in the image extends to a holomorphic function on S. Recall that 
O(S) denotes the space of holomorphic functions on S which extend to S = Vc 
and endow it with the topology of compact convergence. 
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Proposition 2.10. Let t > 0. Then for every f £ L 2 (£l, d/j, x ) the integral 

H x (t)f(z) := / h x (t, z, x)f(x) dnx(x), z £ V c , 

Jn 

converges uniformly on bounded subsets of Vc and defines a function H x (t)f £ 
O(S). The map H x (t) : L 2 (Q, d/i A ) — > C(S) defines a continuous linear opera- 
tor. 

Proof. By Proposition 12.61 (1) the heat kernel h\(t,z,x) is for fixed t > and 
z £ Vc contained in L 2 (Q, d[i x ) with L 2 -norm depending continuously on z. 
Since h x (t, z,x) is analytic in z the claim follows. □ 

We now determine the image of the heat kernel transform. Let 

^A,t(S) := \f £ 0(H) : jf \F {z)\ 2 lo x (|) dv x {z) < ocj , 

where z = x + iy with x, y £ V, and endow it with the inner product 

(F, G) A,t == 7^ jj{z)G{z)^^ x) u X (|) d^ A (z). (2.5) 

Theorem 2.11. (1) T/ie space .F\,t(H) is a Hilbert space with reproducing 
kernel 

K A t (z, iu) = fc A (2t, z, u;) - ^^e" ^trM+MsO^ /£. «>\ 
A,tv , y av i > ; ^ t y X V2i 2i/ 

(2) T/ie space 

{j>(z)e _ 2t tr ( z ) ; p a holomorphic polynomial on Vc} 
zs contained in J-\ jt (S) and forms a dense subspace. 

(3) T/ie /ieai kernel transform is a unitary isomorphism 

H x (t):L 2 (n, ^)->^ t (B). 

Proof. Recall the Hilbert space .Fa(H) and the Segal-Bargmann transform M x 
from Section [TTBI We define a unitary isomorphism $ t : .Fx (3) — > Fx,t(H) by 

$ t F(z) := (4t)-^ rA e-A tr ( z ^(f). 

Then statements (1) and (2) follow immediately from Theorem ll.6l fa) and (b). 
To see that statement (3) follows from Thcorcm ll.61 (c) we note that 

tJ(x) :=t^f(tx) 

defines a unitary isomorphism on L 2 (£l, d[i X ) and then it is easy to see that 

H x (t) = $ t oB A or f . 
This shows (3) and the proof is complete. □ 
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2.5 The restriction principle 

The heat kernel transform H\(t) can also be obtained via the restriction prin- 
ciple. This gives an alternative proof of its unitarity. 

Lemma 2.12. The restriction operator 

H x ,t ■ »(^A,t) -> L 2 (n, dfi x ), F h+ F\ n , 
with domain 

V(K x , t ) = {Fe 7A, t (S) : F\ n G £ 2 (ft, d,u A )} 

is a closed unbounded operator. It is densely defined, injective and has dense 
range. 

Proof. To show that TZx,t is closed let (F n ) n C V(TZx.t) be a sequence with 
F„ — >• F in ^((3) as n — s- oo and H\ : tF n — >• f in i 2 (i7, d/i>). Since point 
evaluations in J-\.t(S) are continuous it follows that in particular F n (x) — > -F'(x) 
for every i£!l. Hence / = F\q e L 2 {VL, d[i\). 
The domain T>(TZ\ >t ) certainly contains the space 

{p(z)e~2* tr( - z -' : p a holomorphic polynomial on Vc} 

which is by Theorem 12.111 (2) dense in .Fa,* (3). Its image under TZ\,t is equal 
to P(n)e~2t tr 0«0 which is dense in L 2 (Q, dfj,\). Hence TZ\j is densely defined 
and has dense range. Finally injectivity of lZ\ t t is clear since Fa,* (3) consists 
of holomorphic functions and C S is totally real. □ 

We consider the adjoint TZ* xt : V(TZ* xt ) -> Fx,* (3). 

Proposition 2.13. The operator lZ* xt is given by 

n* x J{z)= f h x (2t,z,x)f(x)dnx(x)=H x (2t)f(z). 

In particular, TZ\ tt TZ x t is bounded on L 2 (Q., d[i\) and agrees with the heat kernel 
transform H\(2t). 

Note that H\(2t) : L 2 (fl, dfix) — > Fx,2t(3) is an isomorphism and we have 
T>(K* Xtt ) = {f e L 2 (n, df,x) : H x (2t)f e Fa,*(3)}. 
Proof. We have 

TZ* x J(x) = (TZl !t f\Kx, t (-z)) = (f\n x . t Kxt(-,z)) 

= / f(x)K x ,t(x,z)dnx{x) = / hx(2t,z,x)f(x)dnx(x). □ 
Now consider the polar decomposition of the operator TZ X t : 

n* X j = Ux,t°\iix,t\ 

with a unitary operator U\.t : L 2 (VL, dfix) — > F\,*(3) and \1Zx,t\ = \J'Tl\,tTi*\ t - 
Since TZ\^tR- x t = H\{2t) and (Hx(t))t>o forms a semigroup the square root is 
given by \1lx,t\ = H x (t). 
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Theorem 2.14. 

U x ,t = H x {t). 

Proof. We have 

{Ux,t o \K x , t \) f(z) = n* x J(z) = H x (2t)f(z) 

= (H x (t) o ff A (t)) f(z) = (H x (t) o f(z) 

and hence i/,\,t = Hx(t). □ 

3 Example: The positive real line 

We illustrate our results at the example il = R + . Here = R is the one- 
dimensional Jordan algebra with complexification Vc = C and the complexifi- 
cation S of fi is given by S = C x = C \ {0}. The Bessel operator Bx is given 

by 

d2 ^ d 

Bx = x ~r~n + A—, 

aar dec 

and L 2 (ft, d^ A ) = L 2 (M + ,a; A - 1 da;), A > c(O) = 0. The heat kernel takes the 
form 



h x (t,z,w) = (2t)~ A e ~I X -i y 2 ^— ) , t>0,z,weC. 
Hence the heat kernel transform is given by 



H x (t)f(z) = (2t)- A e-t / j A _! ( 2±— ) e-"/^)^- 1 da?. 



o 



The density uix(z) has the form 

cj x (z)=2K x _ 1 (\z\), zeC x , 

and hence the space J-\,t(S) = J r \.t(C x ) is given by all entire functions F on C 
such that 

||Fj| 2 = 4(2t)" A J \F(z)\ 2 e^ K X -x Of) M 2 *" 1 dz < oo. 

Consider the squaring map ir : R \ {0} — > R+, y n- y 2 which is a two- fold 
cover of R + and induces a unitary (up to a scalar) isomorphism 

^* : L 2 (R + , x^ 1 da?) -> L 2 even (R, y 2 ^ 1 dy), ir*F(y) = F(y 2 ). 

The differential operator on L 2 ven (R, y 2A_1 dy) corresponding to the Bessel op- 
erator is given by 

r^-i 1/(12 2X - 1 d 



4 \ dy 2 y dy 
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For A = ^ this is the usual Laplacian on R and since 

~ 1 ~ Fk 

I-l{z) = -^coshz, K_i 0) = — e-\ 

the associated heat kernel hi(t,x,y) and the density wi(z) transform into 

hi [t, n(x), 7r(y)) - -^Le" 2 ^ cosh f ^ ) , i>0,i,i/el \ {0}, 
2 v 27rf V / 

wi(tt(«)) = V^e - ' 2 ' 2 , zeC\{0}. 

Note that since e z = cosh(z) + sinh(z) the heat kernel hi(t,ir(x),Tr(y)) is (up 
to scaling) the even part of the classical heat kernel 

1 (*-j,) 2 
=e * , 



/2?rt 



substituted t with 4i. We therefore recover the corresponding results for the 
classical heat kernel transform on even functions on 1 as a special case of our 
theory. 
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